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M.Sc. DEGREE (C.S.S.) EXAMINATION, MAY 2020

Fourth Semester
Faculty of Science
Branch I (A)—Mathematics
MT04 C16—SPECTRAL THEORY
(2012 Admission onwards)

Time : Three Hours Maximum Weight : 30

Part A

Answer any five questions.
Each question has weight 1.

1. Suppose (x,) is a sequence in a normed space X such that x, — > x. Show that the weak
limit x of (x,) is unique.
2. Define Contraction on a metric space X. Prove that contraction on a metric space is continuous.

3. Consider the Hilbert sequence space /2. Define a linear operator T : [Z — {2 by T (€1, &, . . .) =
(0, Eq, &g, . ..), where (£, Eg, . . .) € [2. Prove that 0 is a spectral value of T but 0 is not an eigenvalue
of T.

4. Show that for any operator T € B (X, X) on a complex Banach space X, rg, (aT) = arg (T ).

5. LetX and Y be normed spaces. Let T : X — Y be a linear operator such that T maps every bounded
sequence (x,) in X onto a sequence (Tx,) in Y has a convergent subsequence. Prove that T is

compact.

6. Let X and Y be normed spaces. Let T : X — Y be a bounded linear operator with dim T (X) < oo.

Prove that T is compact.

7. Prove that the spectrum o (T) of a bounded self-adjoint linear operator T : H — H on a complex
Hilbert space H is real.

8. Let P; and Py be two projections on a Hilbert space H. Let P; + Py be a projection. Prove that
Y, =P1(H) and Yy = Py (H) are orthogonal.

(5x1=5)
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Part B

Answer any five questions.
Each question has weight 2.

9. Let (x,) be a sequence in a normed space X. Prove that :
(i) Strong convergence implies weak convergence with the same limit.

(i) Ifdim X < o0, then weak convergence implies strong convergence.

10. Consider the space [2. Let T, be a sequence of operators from 2 to /2 defined by T, x =

(0,0,...,0, &, &g, &3, . . .) where x = (&1, &g, . . .) e % Show that (T,) is weakly operator
%,—J

n zZeros
convergent to 0 but not strongly.

11. State and prove Banach fixed point theorem.

12. Prove that all matrices representing a given linear operator T : X — X on a finite dimensional
normed space X relative to various bases for X have the same eigen values.

13. Let A be a complex Banach algebra with identity. Let G be the set of all invertible elements of A.
Then prove that G is an open subset of A and hence the subset M = A — G of all non-invertible
elements of A is closed.

14. Let X be a complex Banach space. Let S, T € B (X, X) then show that
1) Ru—Rk=(p—k)RuRk, A,pue p (.
) Ry S)-R) (M =R; (SY(T-S)Ry (T), L e p(S)np(T).

15. Let (T,) be a sequence of compact linear operators from a normed space X into a Banach space Y.
If (T}) is uniformly operator convergent to T, then prove that T is compact.

16. LetT:H — H be a bounded self adjoint linear operator on a complex Hilbert space H. Then prove
that

(a) all the eigenvalues of T (if they exists) are real.

(b) all eigenvectors corresponding to different eigenvalues of T are orthogonal.

(5x2=10)
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Part C

Answer any three questions.
Each question has weight 5.

17. State and prove Open Mapping theorem.
18. Let A be a complex Banach algebra with identity e. Then for any x € A prove that
(i) o (x)is compact.

(i) o) = d.

19. Let T :X — X be a compact linear operator on a normed space X. Prove that for every A # 0 the
range of T =T — Al is closed.

20. LetS:9D(S)—>HandT:9D(T) > H be linear operators which are densely defined in a complex
Hilbert space H. Then prove that
(1) IfScT, then T* <« S*.

(1) If9D (T*)is dense in H, then T < T**,
(iii) IfT1is injective and its range R (T) is dense in H, then T* is injective and (T*)~ 1 = (T~ 1)*,

21. LetT:H — H be a bounded self-adjoint linear operator on a complex Hilbert space H. Prove that
a number A belongs to the resolvent set p (T) of T if and only if there exists a ¢ > 0 such that for
everyx e H, ITh xIl > ¢ Il x I, (Ty, =T —AD.

22. Define Monotone sequence. Let (T,) be a sequence of hounded selfadjoint linear operators on a
complex Hilbert space H such that T;{ <To<...<T,<...<Kwhere Kis a bounded self-adjoint
linear operator on H. Suppose that any T; commutes with K and with every Ty,. Prove that (T,) is
strongly operator convergent (T, x — Ty for all x € H) and the limit operator T is linear, bounded
and self-adjoint and satisfies T < K.

(3x5=15)
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